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experimental treatment is practically not inferior to an active comparator with

binary. Treatments are judged by the probability of a positive binary response.
A typical example is the noninferiority trial, where it is tested whether a new
a prespecified margin 𝛿. Except for the special case of 𝛿 = 0, no exact conditional test is available although approximate conditional methods (also called
second-order methods) can be applied. However, in some situations, the approximation can be poor and the logical argument for approximate conditioning
is not compelling. The alternative is to consider an unconditional approach.
Standard methods like the pooled z-test are already unconditional although
approximate. In this article, we review and illustrate unconditional methods
with a heavy emphasis on modern methods that can deliver exact, or near exact,
results. For noninferiority trials based on either rate difference or rate ratio, our
recommendation is to use the so-called E-procedure, based on either the score or
likelihood ratio statistic. This test is effectively exact, computationally efficient,
and respects monotonicity constraints in practice. We support our assertions
with a numerical study, and we illustrate the concepts developed in theory with
a clinical example in pulmonary oncology; R code to conduct all these analyses
is available from the authors.
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1

I N T RO DU CT ION

In a two-arm clinical trial, n patients are randomised into two groups: n1 patients are assigned to a new (experimental)
treatment, and the remaining n0 patients are assigned to a control treatment. In practice, some subjects are lost during
follow-up, but we will assume noninformative dropout and n0 and n1 will indicate sample sizes at the end of the study. We
will also adopt an intention-to-treat approach; namely, trial results will be evaluated on the basis of the planned treatment
regimen regardless of patients' compliance. This maintains the benefits of randomisation and is preferred by international
agencies and the pharmaceutical industry.
Generally, more than one outcome is collected during the observation period, but for the purposes of the present article,
we focus on one outcome only (either primary or secondary). The targeted outcome could be the score attained on a
Pharmaceutical Statistics. 2019;1–11.
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clinical scale (eg, a pain scale) or survival during follow-up, or another clinically meaningful measure. In this paper, we
are only interested in binary outcomes, although much of the theory is more general.
Let p1 be the probability of success for the treatment group and p0 for the control group. The larger is p1 compared
with p0 , the more beneficial is the treatment. However, there are many ways to compare p1 with p0 . Let G be any strictly
increasing function and measure the benefit of treatment by Δ = G(p1 ) − G(p0 ). We consider the one-sided hypotheses:
H0 ∶ Δ ≤ 𝛿 vs. H1 ∶ Δ > 𝛿,

(1)

where 𝛿 < 0 is a small negative quantity set a priori by the researcher on the basis of theoretical and pragmatic considerations. In words, the null hypothesis is that patients do worse on treatment by an amount |𝛿| or larger, so the treatment
is practically inferior. The alternative is that the treatment is not inferior. Noninferiority trials are generally used when a
new experimental treatment is compared with another active control treatment that is already on the market.1
When G(p) = p is the identity function, this is a test of whether the risk difference p1 − p0 exceeds 𝛿. When G(p) =
log(p), it is a test of whether the risk ratio p1 ∕p0 exceeds exp(𝛿). These are the two most common risk comparison measures,
although we could also consider G(p) = log(p∕(1 − p)), the log-odds transformation, which leads to a test of odds ratio.
Munk et al2 give some results for a general nondecreasing function G.
Many readers will be familiar with at least some of the standard tests3-5 of hypotheses (1) and a nonexhaustive field of
options will be detailed in Section 2.2. Unfortunately, the standard tests are based on distributional approximations that
can be very poor in practical circumstances. Type 1 error can exceed the stated level, even for quite large sample sizes.
This is the key reason why researchers need to know of modern developments over the past decade or so.
In this article, we consider unconditional tests, with a strong emphasis on exact or near exact size control. The theory
of exact tests is outlined in Section 4. When treatment effect is measured by log-odds, there is a standard conditional
method available known as Fisher's exact test based on the generalised hypergeometric distribution (see Johnson et al6
for a review). While conditionally exact, this test is unconditionally conservative. For the risk difference or ratio, no exact
conditional test exists so it is natural to look for an exact unconditional test. Such tests, appropriately defined, do exist.
In general, one-sided hypotheses formalise problems where there is prior expectation concerning the direction of the
treatment effect. While we focus here on one-sided tests, the general theory on exact tests applies to two-sided tests without
modification.
The plan of the paper is as follows. In Section 2, we introduce the notation used throughout the article, the statistical
model adopted as reference point, and a field of standard test statistics. This includes the second-order accurate test
statistic, often known as r∗ . In Section 3, we discuss why it is important to use modern methods for hypothesis testing in
clinical trials. Technical issues on exactness, validity, and monotonicity are presented in Section 4. Exact unconditional
tests are introduced in Section 5. In Section 6, we present the results of a numerical study comparing different test statistics
and P values across several practical scenarios. Finally, in Section 7, the concepts presented in theory are illustrated with
a clinical example in pulmonary oncology, and in Section 8, we outline our general conclusions.

2

NOTATION, MODEL, AND T EST STATISTICS

This section establishes the notation and describes some of the standard test statistics with which many readers will be
familiar. We give the theory generally in terms of an unspecified function G, which in practice will be the identity or
logarithmic function.

2.1

Notation and model

We denote by y1 the number of positive responses out of n1 patients in the treatment group and by y0 the number of
positive responses out of n0 in the control group. These are assumed to be realisations of random variables Yj (j = 0, 1)
with independent Binomial(nj , pj ) distributions. So, ignoring the additive constant, the log-likelihood is
̃ 1 , p0 ; 𝑦1 , 𝑦0 ) = 𝑦0 log p0 + (n0 − 𝑦0 ) log(1 − p0 ) + 𝑦1 log p1 + (n1 − 𝑦1 ) log(1 − p1 ).
𝓁(p

(2)

For testing hypothesis (1), it will be convenient to parametrise the likelihood in terms of Δ = G(p1 ) − G(p0 ) and the
baseline control success rate p0 . To this end, we write p1 (Δ, p0 ) = G−1 (G(p0 ) + Δ), which equals p0 + Δ when G is the
̃ 1 (Δ, p0 ), p0 ).
identity and p0 eΔ when G is the logarithmic function. The reparametrised log-likelihood is 𝓁(Δ, p0 ) = 𝓁(p
The baseline probability p0 is a nuisance parameter that has to be eliminated in order to make an inference about Δ.
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3

Standard first-order tests

The unrestricted maximum likelihood estimates (MLE) of pj is p̂ 𝑗 = 𝑦𝑗 ∕n𝑗 , the proportion of patients in each arm who
responded positively. We want to detect if Δ = G(p1 ) − G(p0 ) exceeds 𝛿 where G is specified nondecreasing function.
A natural approach is to compare G(p̂ 1 ) with G(p̂ 0 ) + 𝛿. Let H be another increasing function and consider the deviation
statistic
H(G(p̂ 1 )) − H(G(p̂ 0 ) + 𝛿).

(3)

Under mild regularity conditions, this converges to zero when Δ = 𝛿 and to a value greater than zero if 𝛿 > 0. Dividing
by an estimate of its standard deviation 𝜎(p1 , p0 ) produces a statistic that will be asymptotically normal, again under mild
regularity conditions. The accuracy of this approximation as n = min(n0 , n1 ) diverges is O(n−1/2 ), and such methods are
called first order. The standard deviation 𝜎(p1 , p0 ) can be estimated replacing pj either by p̂ 𝑗 or by the restricted MLE p̃ 𝑗𝛿
under the boundary null hypothesis that Δ = 𝛿.
When G is the identity so that we are testing the risk difference, the most common choice for H is the identity, whence
the test statistic equals p̂ 1 − p̂ 0 − 𝛿 divided by its standard deviation (p1 (1 − p1 )∕n1 + p0 (1 − p0 )∕n0 )1/2 . The most common
version of this test replaces pj by p̃ 𝑗𝛿 . Obtaining the latter involves solving a cubic equation.4,7 It can be shown that the
resulting statistic is identical to Rao's score statistic but it is often known as the pooled Z statistic. This largely replaced the
method of Dunnett and Gent3 who estimated pj under the null using a simpler method of moments. When unrestricted
estimates p̂ 𝑗 are used, it is often called the unpooled Z statistic.
When G is the log-function so that we are testing the risk ratio, the most common choice is H = G−1 , whence the test
statistic equals p̂ 1 − p̂ 0 e𝛿 divided by its standard deviation (p1 (1 − p1 )∕n1 + e2𝛿 p1 (1 − p0 )∕n0 )1/2 . Again, the most common
version of this test replaces pj by p̃ 𝑗𝛿 , which now involves solving a quadratic equation.8 This statistic is identical to Rao's
score statistic.
Rather than dividing a measure of deviation by its standard error, an alternative approach is to use the likelihood ratio
(LR) statistic whose approximate distribution is 𝜒12 . For one-sided hypotheses like (1), it is more convenient to use the
so-called signed root likelihood ratio (SRLR) statistic9 that has the form
̂ − 𝛿)(2𝓁(Δ,
̂ p̂ 0 ) − 2𝓁(𝛿, p̃ 0𝛿 ))1∕2 ,
r(𝛿) = sign(Δ
̂ = G(p̂ 1 ) − G(p̂ 0 ) is the unrestricted MLE of Δ.
where Δ

2.3

Second-order tests

Conditional tests to compare hypotheses such as (1) typically do not exist. However, a deep strand of research has led to
a general form called the r∗ formula,10 given by
{
}
q(𝛿)
r ∗ (𝛿) = r(𝛿) + r(𝛿)−1 log
,
(4)
r(𝛿)
where r(𝛿) is the earlier mentioned SRLR statistic. The formula is based on a double saddle-point approximation to the
distribution of the MLE conditional on an approximate ancillary statistic. The component q(𝛿) has, in general, a very
complicated formula, but it can be simplified in exponential models; in particular, for the present case of noninferiority
testing, it can be expressed as
q(𝛿) =

̃ 1𝛿 (logit(̃p0𝛿 ) − logit(p̂0 ))}
̃ 0𝛿 (logit(̃p1𝛿 ) − logit(p̂1 )) − w
{w
,
√
̃ 1𝛿 ∕n1 + w
̃ 0𝛿 ∕n0
w

(5)

̃ 𝑗𝛿 = p̃ 𝑗𝛿 (1 − p̃ 𝑗𝛿 ) and p̃ 𝑗𝛿 is the aforementioned ML estimate of pj under the null.
where w
The statistic r∗ (𝛿) is also approximately standard normal but with relative error O(n−1 ) rather than the O(n−1/2 ) of
first-order methods. The formula is also parametrisation invariant, as shown in Davison et al.9 Note that r∗ is undefined
when r(𝛿) = 0 but this is usually handled by defining r∗ (𝛿) = r(𝛿) when |r(𝛿)| is smaller than some small tolerance.
All statistics quoted in this section can have numerical problems for boundary data sets, ie, when there are all successes
or all failures in either arm. This is handled numerically by adding or subtracting a small number 𝜖 when a count yj
equals 0 or nj , respectively. All statistics are available in closed form and can be computed almost instantly. Indeed, this
is a practical computational requirement for the unconditional exact tests that we describe later.
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WHY AIM FO R EXACT P VALU ES ?

In this section, we provide some arguments in favour of using P values for tests of statistical hypotheses in clinical trials.
Exact testing is today computationally feasible and keeps type 1 error under strict control.

3.1

Why P values?

All tests are based on P values, and biostatisticians seem to agree that a P value is a better data summary than just a test
decision at a nominal significance level. However, over the last 20 years, some have asserted the primacy of confidence
intervals over P values in applied medical research.11 The reason for this change of paradigm is mainly related to the fact
that P values were frequently misunderstood and misinterpreted by practitioners. Common errors include the so-called
principles of logical fallacy12 and replication fallacy.13
There has been a lot of work aimed at clarifying the pitfalls and shortcomings of P values (see Wellek14 ), culminating in the American Statistical Association (ASA) statement15 in 2016. We have no objections to supplementing P values
with other measures, such as confidence intervals, effect size, or even Bayes factors. However, P values remain a fundamental tool of statistical inference, and they are used everyday by practitioners. They measure something important and
interpretable, namely, how unusual the results are under the null hypothesis that we are evaluating whether to reject.
Moreover, accurate P values are central to proper control of type 1 error, which is a key concern of regulators.

3.2

Why exact?

For clinical trials enrolling thousands of participants, approximate tests often, but not always, control type 1 error well,
especially if the trial is balanced. One example is the PROactive study (NCT00174993), a large trial to test the efficacy
and safety of pioglitazone, a new second-line therapy for type 2 diabetes. For this trial, 5238 patients were enrolled in
the study.16 However, in most medical fields, trials are typically much smaller, for instance, those associated with the
development and approval of new drugs in clinical oncology. There are trials involving patients with cancer in advanced
stage of disease, where the total sample size is of few hundreds, or in some cases smaller than 100.
It is simply a fact that the standard approximate tests do not control type 1 error for such sample sizes, or even for much
larger sample sizes when the design is unbalanced. At the same time, regulators demand control of type 1 error. For this
reason, in this paper, we will put an emphasis on the calculation of P values that are as close to exact as practically possible.

3.3

How much does it matter?

Until fairly recently, exact P values were computationally prohibitive, and so the approximate statistics listed in Section
2.2 were used, most commonly the score statistic. Today, computation for sample sizes up to 1000 is no longer an issue;
we can calculate an exact P value as well as exact attained size and power.
Consider, for instance, a trial where either docetaxel (n0 = 166) or pemetrexed (n1 = 304) was prescribed in patients
with recurrent or progressive non-small cell lung cancer.17 Common statistical training would have practitioners believe
that these sample sizes are large enough for the accurate application of the normal approximation. For illustrative purposes, let us take a margin of 𝛿 = −0.05. The estimated success rates of p̂ 0 = 11∕166 = 6.6% and p̂ 1 = 13∕304 = 4.3%
do not provide much evidence against the null hypothesis, so let us suppose a more interesting outcome, namely, that
p̂ 1 = 22∕304 = 7.2%. Using risk difference as our comparison measure (ie, with G the identity), the SRLR statistic equals
2.119 and the P value based on the standard normal approximation is 0.0170. We would hope and expect that the probability of obtaining a value as large as 2.119 under the null hypothesis (which measures the evidence against inferiority of
the treatment) would be 0.0170.
The left hand panel of Figure 1 plots this probability as a function of the unknown probability p0 , under the null
assumption that p1 − p0 = −0.05. We will later define this function formally as the profile of the observed P value. In
simple words, this is the true significance of the observed test statistic. The horizontal line gives the quoted P value 0.0170.
The maximum value is 0.0315, marked by a blue point, which is almost double the quoted value. We will point out later
that, starting with the SRLR statistic, a frequentist has no choice but to quote this maximum value.
The vertical line is the restricted MLE p̃ 0,−.05 = 0.109 of p0 under the boundary hypothesis that p0 = p1 + 0.05. It
would seem reasonable to use this estimate in place of the unknown p0 , which gives a significance value of 0.0194. How
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FIGURE 1 Heuristic illustration. Left. Exact significance of outcome 11∕166 = 6.62% for control and 22∕304 = 7.23% for treatment when
𝛿 = −0.05 using the signed root likelihood ratio (SRLR) statistic. Horizontal line is quoted significance; blue point is maximum significance;
red point is the estimated significance at p̃ 0𝛿 = 0.109. Right. Exact significance profile of estimated P value, later denoted pE in Equation 10

can a frequentist justify this though? This “estimated” P value defines a new statistic, more complex than the original
score statistic. This statistic has its own profile function, which is displayed in the right panel. Apparently, this profile is
extremely close to the quoted value of 0.0194. This is not specific to this example, and much numerical work (and some
theoretical work) has shown that estimated P values always perform this well.18

4

T H EO RY O F E X ACT P VA LU ES FO R D IS C RETE DATA

We assume that readers are already familiar with basic testing theory. We sketch here the theory of exact tests of a parameter Δ in the presence of a nuisance parameter p0 from data Y = (Y1 , Y0 ). This theory is quite general, and both nuisance
parameter and data can be higher dimensional, albeit with computational challenges.
All standard tests can be expressed in terms of a test statistic T(Y), large enough values of which lead to rejection of the
null hypothesis. This typically involves using an approximation F to the distribution of T(Y) under the null. We then reject
the null if the P value P(Y) = 1 − F(T(Y)) is less than a prespecified nominal test size (or significance level) 𝛼. Define the
probability of rejection of the null hypothesis by
𝛽(Δ, p0 ) = Pr(P(Y ) ≤ 𝛼; Δ, p0 ).
The null hypothesis specifies that Δ ≤ 𝛿 but does not specify p0 . It will be convenient in what follows to refer to the set of
parameter values (Δ, p0 ) consistent with the null hypothesis as Ω0 . When G is the identity so that Δ is the risk difference,
this is the set {Δ ≤ 𝛿, max(0, −𝛿) ≤ p0 ≤ min(1, 1 − 𝛿)}. When G is the logarithmic function so that Δ is the logged risk
ratio, this is the set {Δ ≤ 𝛿, 0 ≤ p0 ≤ 1}. The size of the test is usually defined to be sup{𝛽(Δ, p0 ) ∶ (Δ, p0 ) ∈ Ω0 }, which
is the worst case probability of falsely rejecting the null hypothesis. Subject to the size being controlled at the target level
𝛼, we want the test with maximum power.
There are two key observations to make when the data are discrete. First, there will typically not exist any test with size
exactly equal to a prespecified 𝛼. The best you can do is to ensure that the size is less than 𝛼. Second, amongst tests with size
less than 𝛼 there is typically no unrandomised test that is most powerful. These general assertions apply in particular to
noninferiority tests based on binomial data. However, it turns out that exact and optimal P values, appropriately defined,
do exist.

4.1

Validity of a P value

Ideally, a P value P(Y) should have the uniform distribution under the null hypothesis. In this case, the implied test is
exact at any specified nominal size 𝛼. We have just asserted that exact tests typically do not exist for discrete models. When
Y is discrete, the analogous property is that Pr(P(Y ) ≤ 𝜋k ) = 𝜋k for all observable values 𝜋 k of P(Y). This is the basis of the
interpretation of a P value: If we observe a P value of 0.046, then we have observed an event whose probability is 0.046.
However, if we still have free nuisance parameter(s) p0 , then these probabilities are functions of p0 and cannot equal a
constant. So apart from trivial cases where the distribution of P(Y) does not depend on nuisance parameters, uniformity
is not achievable.
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A P value is called valid if
Pr(P(Y ) ≤ 𝜋k ; Δ, p0 ) ≤ 𝜋k ,

sup

(6)

(Δ,p0 )∈Ω0

again for all observable 𝜋 k . So the probability of observing a P value as say 0.046 is at most 0.046. Technically, P(Y) is
stochastically larger than uniform under the null hypothesis. It is simple to show that a valid P value leads to a valid test,
ie, a test of size less than or equal to 𝛼, for any prespecified 𝛼.

4.2

The profile of a P value

For any fixed value of the nuisance parameter p0 , we can calculate the probability of rejection under the null hypothesis
that Δ ≤ 𝛿. This gives a function of p0 , which we call the profile of the observed P value:
ΠP (𝑦, p0 ) = sup Pr(P(Y ) ≤ P(𝑦); Δ, p0 )

(7)

Δ≤𝛿

defined over the range p0 ∶ (𝛿, p0 ) ∈ Ω0 . We have slightly generalised the notation by replacing 𝜋 k by P(y). The profile
gives the weight of evidence against the null as a function of the nuisance parameter p0 . So one use of the profile is as
a summary of the evidence. Figure 1 already displayed two profiles, one for the SRLR statistic for testing risk difference
and one for the bootstrap test to be defined below.

4.3

Exact P values

A P value is called exact18 if
Pr(P(Y ) ≤ 𝜋k ; Δ, p0 ) = 𝜋k

sup

(8)

(Δ,p0 )∈Ω0

for all observable 𝜋 k . For a prespecified nominal size that happens to equal an observable value 𝜋 k , the test will be exact.
However, for all other values of 𝛼, the test will only be valid. This seems a reasonable definition of an exact P value.
With this definition, an exact P value can always be constructed from an inexact one P(y) from its profile ΠP . Define
PM (𝑦) = sup ΠP (𝑦, p0 ).

(9)

p0

Then it can be shown18 that PM (Y) is exact and that it is the smallest valid P value that is a nondecreasing function of the
original P value P(Y). It can also be shown that any exact statistic must be expressible in the form (9) for some initial P
value P(Y).

4.4

Monotonicity properties

The parameter of interest Δ = G(p1 ) − G(p0 ) is an increasing function of p1 and a decreasing function of p0 . It would
seem logically essential then that any estimate, confidence limit, or test statistic should be an increasing function of y1
and decreasing function of y0 . Slightly less transparent conditions are that the evidence for a higher value of Δ should be
increasing in y1 for fixed s = y1 + y0 . Rather unhelpfully, conditions of this type are called convexity19,20 because tail sets
of the form {T(Y1 , Y0 ) ≥ T(y1 , y0 )} are then convex.
Besides the basic logical property, there are several practical consequences of convexity. First, the size of the test that is
the supremum of 𝛽(Δ, p0 ) over (Δ, p0 ) ∈ Ω0 is achieved at the boundary Δ = 𝛿, which saves a full search over the set
Ω0 .21 The same can be said for the supremum over Ω0 in the profile (7). Convexity also ensures that the set {P(Y) ≤ P(y)}
in ΠP can be determined by bisection,18 without searching the entire sample space.
The general statistic (3) is necessarily convex. However, when it is divided by its standard error the situation is less
clear. When the denominator is estimated with unrestricted ML estimates, convexity is almost always violated. When
the denominator is estimated with restricted ML estimates, convexity does hold for the cases G=H=id or G=log and
H = G−1 convex,22 which correspond to the score statistic. The SRLR satisfies convexity numerically2 although no proof
has appeared.
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EXACT U NCONDITIONAL P VALU ES
Full maximisation

The key result from the previous section is that an approximate P value can always be adjusted into an exact P value.
This requires calculating its significance profile ΠP (y, p0 ) and then quoting the maximum. This is called the M-step and
the P value is termed maximised. The initial choice of approximate P value only affects the profile through the tail set
{P(Y) ≤ P(y)} and so only depends on how P(Y) orders the sample space.
There are two problems with maximised P values. The first is that they can lead to low power because they account for
an unlikely worst case possibility. The second is that the value depends quite critically on the initial approximate P value
on which it is based. Thus, in a given example not only may the score and LR statistics give practically different results
but the maximised versions will also give practically different results, even though both are ostensibly exact.

5.2

Restricted maximisation

The value of p0 that corresponds to the maximum can easily be a value that is very unlikely, given the data. Berger and
Boos23 suggested the P value
pB (𝑦) =

sup

p0 ∶(p0 ,Δ)∈Ω0 ,p0 ∈C𝛾

ΠP (𝑦, p0 ) + 𝛾,

where C𝛾 is an exact 1 − 𝛾 confidence interval for p0 under the null hypothesis, and proved that this generates a valid test
for any nominal 𝛼 and chosen 𝛾. A common recommendation is 𝛾 = 0.001.
The partially maximised P value may not satisfy Barnard's convexity properties21 but does mitigate the problems of the
fully maximised P value: It loses less power and it is less dependent on the initial approximate P value. It does have two
additional problems of its own however. First, it is not exact in the sense of (8) because it is not the maximised value of
any profile function. This results in some size conservatism, although this is usually very small. Second, it is not always
easy to give an exact confidence interval C𝛾 for p0 . Our noninferiority hypothesis is a case in point. Third, results depend
on choice of the confidence region C𝛾 , both its coverage and, in models where the nuisance parameter has dimension
greater than 1, its shape. Finally, other researchers have found that the efficiency gains are modest.24 For these reasons,
we do not include pB (y) in our later numerical study.

5.3

Estimation/bootstrap

Replacing an unknown parameter by its estimate is a very old idea. Indeed, we could not calculate standard errors without
this device. This suggests the P value
pE (𝑦) = ΠP (𝑦, p̃ 0𝛿 ).

(10)

This has been recommended by several authors25,26 including for noninferiority trials.27 It is important that the estimate
be calculated under the null hypothesis.18 One can think of this as a parametric bootstrap, even though no simulation is
involved. The fact that the estimate p̃ 0𝛿 is inserted into a P value that is approximately pivotal is analogous to prepivoting,
as proposed by Beran28 for continuous models.
The advantages of pE is that it hardly depends at all on the choice of the initial P value and that it is much faster to
compute than pM or pB since no search over p0 is required. This is particularly pertinent for models where there are more
than one nuisance parameter. For discrete models, the error in using pE is O(n−1 ).9
There are two key problems with pE (Y). First, while its error is O(n−1 ),9 it is not exact according to (8), despite the title
of this section. However, it is much closer to exact than asymptotics suggest.29 For this reason, it can be referred to as
quasi exact by which we mean exact for all practical purposes. The tiny levels of inexactness in PE can be corrected with a
further maximisation step,2,5 resulting in an E+M P value.18 This typically makes little difference in practice because the
profile is already so flat, see the right panel of Figure 1 and Ripamonti et al30 for an exhaustive numerical assessment.
The second problem is that pE (Y) is not necessarily convex. Empirically, this is quite rare and occurs for extreme data
sets that has no effect on the achieved size of the test. Application of the M-step cannot correct this since the M-step
preserves the ordering of the sample space.
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NUMERICAL ST UDY

In this section, we report the results of a numerical study on the power and size control of the various tests described
above. For the risk difference, we will only consider the canonical cases of G = H = id where the pooled statistic is the
score statistic as noted in Section 2.2. Likewise, for the risk ratio test, we take H = G−1 where again the pooled statistic is
the score statistic. For each model then, we have four approximate tests, namely, unpooled, pooled/score, LR, and r∗ (the
P value based on the r∗ statistic is indicated as p∗ ).
We include three adjustments of these raw statistics: maximisation, estimation, and estimation followed by maximisation. We did not evaluate the restricted maximisation procedure since it is not clear how to construct an honest interval
for p0 under the null when 𝛿 ≠ 0. We note however that this method has been shown to perform quite well when 𝛿 = 0,
although not as well as estimation followed by maximisation.30 So there are 16 different tests (ie, P values) in all. Some
of these tests have been considered in previous literature, namely, the maximised version of the score statistic31 and the
E+M version of the SRLR statistic.2
For the risk difference, we look at values 𝛿 = 0, − 0.05, − 0.10 and for risk ratio 𝛿 = 0, − 0.15, − 0.3, based on recommendations in Wangge et al.32 In all cases, we chose 𝛼 = 0.05. The sample size chosen for (n0 , n1 ) were (42, 38), (60, 40),
(50, 70), (80, 70), and (100, 50), which covers balanced and unbalanced cases with totals ranging from 80 to 150. Note that
when 𝛿 = 0, the results are invariant to swapping the sample sizes.
To calculate the size of these tests, we computed Pr(P(Y ) ≤ 𝛼; Δ, p0 ) at the boundary value Δ = 𝛿, which leaves p0 free.
We used two measures of size. The first maximises over p0 (see Table 1, upper section) and the second is the simple average
respect to p0 across an even grid of values (lower section). It was mentioned in Section 4.4 that if the tail set generated by
P value is not convex, then the maximum probability of rejection is not necessarily obtained at the boundary. So, for the
unpooled and r∗ statistics, the actual size could possibly be larger than the value quoted.
Full results are in Supporting Information. We present typical size results in Tables 1 and 2 for the risk difference
with (n0 , n1 ) = (60, 40) and risk ratio with (n0 , n1 ) = (42, 38), respectively. The upper sections show maximum size and
are colour coded in red if it exceeds 0.05. Clearly, none of the raw tests control size although the score comes closest to
respecting the 0.05 limit, consistent with the folklore. The M and E+M tests necessarily control size where as the E test
is not guaranteed to do so. However, in this and other cases, the occasional violations are very small in magnitude. It is
also noteworthy that the maximum size of the M tests can be well below nominal, indicating some conservatism. This is
caused by having to account for the worst case.
Looking at average size in the lower section of the table, for those tests that control maximum size, we colour code larger
values green and smaller as red, the idea being that if the maximum size is less than nominal, then average size should
be as close to nominal as possible to minimise conservatism. Clearly, the M test imposes much more conservatism than
TABLE 1 Size control of 16 tests of risk difference for (n0 , n1 ) = (60, 40). Top section: maximum size over p0 ; lower section: average
size with respect to p0

TABLE 2 Size control of 16 tests of risk ratio for (n0 , n1 ) = (42, 38). top section: maximum size over p0 ; lower section: average size
with respect to p0
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TABLE 3 Power control of 16 tests of risk difference for (n0 , n1 ) = (60, 40)

TABLE 4 Power control of 16 tests of risk ratio for (n0 , n1 ) = (42, 38)

the other methods. This is because the profiles of the P values have spikes, typically near the boundary. For the unpooled
statistic, this leads to a size profile that is extremely conservative. The E and E+M tests have the highest average size that,
we are about to see, translates into higher power.
To calculate the power, we selected three values of p0 (0.10, 0.50, 0.70) and then values of p1 that would generate powers
in a reasonable range for the three values of 𝛿. Results for the two models just considered above are in Tables 3 and 4.
Larger/smaller values are coded greener/redder. There are three general patterns to identify, which also hold for the other
cases listed in Supporting Information. First, the E and E+M tests have higher power than the M test (while controlling
size as shown above). Second, the E and E+M tests have almost identical power. This is because the E and E+M P values
are almost identical as a consequence of the former having very flat profiles, one example of which we saw earlier in
Figure 1. Thirdly, when the E or E+M test is used, it makes little difference which raw statistic is used to generate it. This
is in contrast to traditional asymptotic methods where the choice does make a difference and can potentially be used by
unethical analysts to achieve a desired result.
Our general conclusion will be given in Section 8.

7

ILLUSTRAT IVE EXAMPLE

We illustrate the methods explained in this article using data from the clinical trial by Kim et al,17 already mentioned
in Section 3.3. This was a multicentre, randomised phase 3 trial in patients with recurrent progressive non-small cell
lung cancer, after failure of initial platinum-based chemotherapy. Pemetrexed (experimental drug) was compared with
docetaxel (active comparator), and various outcomes were considered, amongst which the proportion of patients free of
serious adverse events. We wish to test noninferiority on the risk difference scale. This is a particularly interesting measure
in noninferiority trials, since, provided reasonably comparable efficacy, the new treatment could be preferred in terms of
lower toxicity and better safety profile.
It emerges from Table 5 that raw P values are smaller than M P values, but the former are not guaranteed and very
unstable across test statistics. Both M and E P values are identical for different test statistics, but E P values are slightly
less conservative. Ideally, we would recommend the E+M test based on the LR or score statistics (since these statistics
satisfies the monotone property). However, the E procedure is much quicker to compute, gives very similar results here,
and is quasi exact according to our reported numerical study.
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TABLE 5 P values calculated with four methods and 4
test statistics for the illustrative example, with 𝛿 = −0.05.
There were y0 = 11 successes from n0 = 166 for the
active comparator group and y1 = 13 from n1 = 304 for
the treatment group
TYPE

8

Score

Wald

LR

r*
0.133

raw

0.139

0.119

0.135

M

0.165

0.165

0.165

0.165

E

0.143

0.143

0.143

0.143

E+M

0.147

0.147

0.147

0.147

CO N C LUSION S

Clinical trials are the fundamental method of securing evidence on the effectiveness of new medicines. Oft-used noninferiority trials, where the effect of a new drug is contrasted with that of an active comparator, need to be assessed by
contemporary statistical methods. The most relevant trials to the discussion of this article are phase 3 clinical trials, where
sample sizes might be under 300 participants, or even under 100, as in case of diseases at very advanced stage. Exact
methods are needed in these cases.
Conditioning is one classical approach to the analysis of the 2 × 2 table; however, this approach is not only unconditionally conservative but is not available when the margin 𝛿 is nonzero, as in noninferiority trials. How should we proceed
in these cases? One possibility is to use approximate conditioning, which we have included as one of our approximate
methods, as well as the three approximated methods of Wald, score, and LR. None of these tests control unconditional
type 1 error at an acceptable level.
Maximisation and restricted maximisation both ensure valid tests. Full maximisation is conservative as a consequence
of allowing for possibly unlikely worst case values of the nuisance parameter. We did not investigate restricted maximisation in the numerical study since the confidence interval for the nuisance parameter cannot be guaranteed and also
because other larger numerical studies30,33 have shown that it performs somewhere between estimation and maximisation. Estimation/bootstrap produces tests that are not guaranteed but are extremely close to exact in practice. There are
large computational savings, and the resulting test is consistently more powerful than maximisation. Moreover, the final
P value is easy to explain to practitioners, especially if it is based on a familiar test statistic such as the score test.
On the basis of our numerical study as well as theoretical considerations, we recommend beginning with either the
SRLR or score statistic and adjusting with estimation/bootstrap. Results using the two initial statistics are barely distinguishable, so we recommend starting with the score statistic, this being the better known of the two. A further M-step
can be applied but typically has a negligible effect on the reported P value for considerable extra computation. R code for
implementing the score test with E step applied is available as Supplementary Information. Code for the E+M P value is
available from the authors.
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